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Abstract 
 
Cancer stem cells have been shown to be critical to the development of a variety of solid 
cancers. The precise interplay mechanisms between cancer stem cells and the rest of a 
tissue are still not elucidated. To shed light on the interactions between stem and non-stem 
cancer cell populations we develop a two-population mathematical model, which is suitable 
to describe tumorsphere growth. Both interspecific and intraspecific interactions, mediated 
by the microenvironment, are included. We show that there is a tipping point, characterized 
by a transcritical bifurcation, where a purely non-stem cell attractor is replaced by a new 
attractor that contains both stem and differentiated cancer cells. The model is then applied 
to describe the outcome of a recent experiment. This description reveals that, while the 
intraspecific interactions are inhibitory, the interspecific interactions stimulate growth. This 
can be understood in terms of stem cells needing differentiated cells to reinforce their 
niches, and phenotypic plasticity favoring the de-differentiation of differentiated cells into 
cancer stem cells. We posit that this is a consequence of the deregulation of the quorum 
sensing that maintains homeostasis in healthy tissues.    
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1. Introduction 
 
The cancer stem cell hypothesis has been continuously gaining ground with the 
identification of cancer stem cells (CSCs) in a growing number of tumor types [Lapi94, 
Hajj03, Singh04, Li07, Obrien07, Eramo08]. It states that cancer growth is driven by a 
subpopulation of stem cells and helps to explain tumor recurrence and metastasis [Batll17]. 
It has also led to new therapeutic paradigms, based on the concept that destroying or 
incapacitating CSCs would be an efficient method of cancer containment and control. 
Cancer stem cell targeted vaccines are also being developed [Lin17].  
 
Stem cells are associated to niches, sets of cells and intercellular elements that provide the 
signals that define stem cell behavior and maintain stemness [Schof78, Fuchs04, Scad14]. 
Although the functionality of the cancer stem cell niche is well established, its structure and 
design have no precise definition. Its deregulation could be a hallmark of tumorigenesis. In 
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normal tissues, signals provided by the niche lead to the maintenance of homeostatic 
equilibrium. Under equilibrium conditions, the proportion of stem cells is relatively small. 
This equilibrium is likely to be destroyed in cancerous tissues, which may exhibit a larger 
ratio of stem cells [Chen16]. It has been observed that in high-grade tumors from patients, 
an increased pool of CSCs may underlie their aggressive behavior [Visv12, Al-Hajj04].  
 
The obvious importance of CSCs has led to the formulation of various mathematical 
models of CSC-fueled tumor growth. Discrete models for chronic leukemia [Ding08] and 
solid cancers [Lapor12] describe the early stages of disease progression, while statistical 
models estimate probabilities, e.g. to acquire drug resistance [Boma07, Toma10], and 
computational simulations [Gao13, Ende09, Wacl15] model macroscopic behavior starting 
from microscopic interaction rules. Diverse continuous population dynamic models have 
also been developed [Gang06, Liu13]. These focus variously on feedback loops [Rodri11], 
delayed interactions [Ghos17], stability analyses [Guo17] or bifurcation landscapes 
[Ferr12, Guis17]. These models offer insights into growth and differentiation rates, cell 
population fractions, lateral inhibition, and chemo- and radio-therapy effects, to cite a few 
examples.  
 
Our approach here is to develop a continuous model that includes environment- mediated 
cell-cell interactions in a classic predator-prey formulation. To keep the model as simple as 
possible, we explicitly include only stem and differentiated cancer cells. It is then suitable 
to describe the growth of tumorspheres. A tumorsphere (reviewed in [Weis15]) is a 
simplified biological system that enables the study of cancer progression in the absence of 
healthy tissue and of the complex signaling system prevalent in the environment in which 
real tumors live. The term tumorsphere specifically refers to spheroids grown from single-
cell suspensions out of permanent cell lines, tumor tissue, or blood cultivated in a serum-
free medium with EGF and FGF-2 growth factors and characterized by low-attachment 
plastic, clonal density, and potential preliminary cell sorting. Thus tumorspheres are formed 
by clonal proliferation in low-adhesion conditions and with stem cell medium [Weis15]. 
We therefore expect that the application of the model to tumorsphere experimental data will 
yield information about some of the basic properties of an interacting system of stem and 
differentiated cancer cells. In their study of mammary tumorspheres, Gu et al. observed 
that, under certain conditions, stem cells “underwent differentiation induced by 
environmental stimuli" [Gu11]. It is therefore conceivable that the final status of a 
tumorsphere be composed of differentiated cells alone. Our model will help us to identify 
the conditions under which this may occur.   
 
The microenvironment also regulates cell plasticity, the ability to reversibly transition 
between non-stem and stem cell states [Batll17]. This is an important feature that may 
seriously complicate anti-stem-cell therapy, since destroyed cancer stem cells may be 
replaced by dedifferentiating non-stem cancer cells. Moreover, the phenotypic diversity in a 
cancer cell population [Zhou14] and the diverse conditions under which experiments are 
performed [Viei13] may hinder the analysis of plasticity. Since tumorspheres may be 
created under controlled conditions and have only two subpopulations (stem and 
differentiated cancer cells) they can be used as simple biological models to identify the 
effects of plasticity. Indeed, the application of our model to an experiment suggests that 
even in the relatively simple environment of a tumorsphere, plasticity may play a crucial 
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role in the system growth. In an interesting experiment, Gupta and coworkers isolated 
populations displaying stem cell, basal-, or luminal-like phenotypes from breast cancer cell 
lines. In vitro, all three subpopulations were able to generate cells of the other two 
phenotypes, such that the cultures converged over time toward the proportions of cell types 
observed in the original cancer line [Gup11]. The implication of this and other experiments 
is that stochastic events can preserve a dynamic equilibrium between stem and non-stem 
states [Sree18].  
 
Since the model discussed in this paper does not include spatial variables, we will not be 
able to predict the system architecture, but we can still predict its growth dynamics and 
overall composition. Adhesion tends to keep dividing cells together and cancer cell groups 
in vitro form globular systems. We will thus assume that, if enough cells are created, the 
system we are studying becomes a tumorsphere.   
 
In what follows we describe our two-population ecological modeling of the tumor and 
analyze its mathematical properties.  We find that the final tumorsphere may be composed 
either of a mixture of stem and differentiated cancer cells or of differentiated cancer cells 
alone. We also find that the tumorsphere size increases with the fraction of cancer stem 
cells in the final state. Next we use the model to describe the results of an experiment of 
tumorsphere growth [Chen16] and conclude with a discussion of the implications of our 
findings about the interaction parameters. 
 
2. Mathematical model 
 
Cancer stem cells may divide symmetrically, generating two CSCs, asymmetrically, 
generating one CSC and one differentiated cancer cell (actually one progenitor cell is 
generated instead, but since this cell is committed to differentiate, we will omit it in our 
modeling), or they may generate two differentiated cells [Batll17].  
 
We model the growth of a tumorsphere considering two cell populations: Cancer stem cells 
( ) and differentiated cancer cells ( ). By including in the last class all cells with any 
degree of differentiation we can isolate the role played by stem cells. We will call the basal 
growth rates, i.e. the number of cell divisions per unit time, of differentiated and stem cells 
rD and rS, respectively.  We further assume that, 
 
 The members of each subpopulation interact with each other (intraspecific 
interactions) and with the members of the other subpopulation (interspecific 
interactions). These interactions are quantified by a matrix of coefficients, , 
whose diagonal elements describe intraspecific interactions and whose off-diagonal 
elements correspond to interspecific interactions. 
 
 When a CSC undergoes mitosis there is a probability ps that two new S cells are 
generated and a probability pd that two  cells are generated. Because of 
normalization, the probability that there is an asymmetric division is pa = 1 – pd – 
ps. 
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We can describe the evolution of the two interacting populations by generalizing the 
standard equations for two competing species (see, p. ej. [Brit03], p. 67), as follows,  
 
 
( ) ( )  
(1a) 
 
and 
 
* , ( )-+, ( )-  
(1b) 
 
 
Note that asymmetric divisions do not change the number of CSCs. The first term on the 
right-hand side of Eq. (1a) expresses the contribution of the intrinsic cell dynamics to the 
fate of a dividing CSC and is uncorrelated to the rest of the tissue. The first factor on the 
right-hand side of Eq. (1b) must be understood as the rate of creation of differentiated cells 
due to the division of  cells, the asymmetric division of  cells, and the differentiation of 
 cells. The last parts of both equations indicate that the niche is not completely 
deregulated. Note that  < 0 describes a cooperative interaction that promotes growth. 
Conversely, positive values of  describe growth-inhibiting competition. Since plasticity 
is regulated by the microenvironment, it cannot be described by the intrinsic growth rates, 
but is expressed through the interaction coefficients .   
 
Of course, our choice of Eqs. (1) is not unique. In the Appendix we develop a variant of 
this model, where the rate of cancer stem cell division is strongly influenced by the rest of 
the tissue, perhaps through a quorum sensing mechanism.  
 
2.1. Non-dimensionalization 
To better understand the underlying system dynamics, we non-dimensionalize Eqs. (1) 
using the new variables, 
 
( )  
 
 
 
 
 
( )  
 
 
 
 
 
( )
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We thus obtain the following set of dimensionless equations:  
 
( )  
 
( )( )  
 
Since S  0 and D  0, their dimensionless counterparts X and Y must have the same sign. 
 
2.2. Fixed points and bifurcation analysis 
 
            We are interested in CSC - driven growth, i.e., when there is net initial stem cell growth, 
which requires  We consider only this case in what follows. The relevant fixed points 
of model (3) correspond to three biological situations: 
 
 The trivial point  which is always unstable. This means that, once a cell 
of any type is seeded, a colony will grow. 
 
  A non-CSC fixed point ( ), which is stable as long as P < B. The 
corresponding eigenvalues are  and .   
 
 A coexistence fixed point , for which finite numbers of stem and differentiated 
cancer cells co-occur. This point is located at   
 
( )  
 
 There is a fourth fixed point, 
 
( )  
 
             but this point is biologically irrelevant because one of the populations would  be 
negative. 
 
Since the eigenvalues corresponding to  are too cumbersome to lend themselves to a 
simple stability analysis, we assume that this point becomes unstable if  is stable. This 
assumption is supported by extensive numerical analyses. When  the system 
undergoes a transcritical bifurcation as shown in Fig. 1. If , the stable state is 
composed of a mixed population that contains cells, with, 
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( )
( ) 
and 
( )
( )  
with . 
 
 
 
 
Fig. 1: Bifurcation diagram for (a) dimensionless CSC populations and (b) dimensionless 
DCC populations. Continuous lines correspond to stable branches, and dashed lines to 
unstable branches.  Blue and red lines indicate the locations of the  (pure DCC) and  
(coexistence) fixed points, respectively. The system undergoes a transcritical bifurcation at 
 changing from a pure DCC spheroid to a mixed population coexistence. (c) 
Bifurcation diagram for the total cell population  in the steady state regime. 
Parameter values: , , and .  
 
The parameters chosen for Fig. 1 correspond to . The condition  means 
that one of   and    is positive and the other negative, while  means that both 
intraspecific interactions have the same sign. Figure 2 depicts the system evolution using 
the dimensionless variables ( ). Growth starts from a cancer stem cell seed, ( )
.  When , all trajectories converge to the differentiated cancer cell fixed 
point, while trajectories with  converge to the coexistence fixed point. By increasing 
the ratio , the coexistence fixed point moves towards higher values of both populations. 
If we decrease , we observe that the stable coexistence point  moves toward the 
saddle point . When  goes through , stability changes:  enters the second quadrant, 
becoming biologically irrelevant, and all trajectories die in .  
 
For all values of  there is an initial stage for which both populations grow. At later 
times, the number of CSCs decreases monotonically, except for values of  below a 
threshold  for the case of Fig. 2). For these values of  both populations 
increase monotonically, arriving at the fixed point specified by Eqs. (6). 
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 Fig. 2a: Trajectories in the  plane for an initially small stem cell population 
. The blue trajectory corresponds to the bifurcation condition . Black 
lines correspond to stable trajectories leading to coexistence. Red trajectories lead to the 
DCC fixed point. Arrows indicate the growth direction of parameter .  
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 Fig. 2b: Time evolution of the cell populations for the values of  indicated in the figure. 
Continuous (dashed) lines correspond to CSCs (DCCs).  Red lines correspond to a final 
state of pure DCCs, green lines correspond to the threshold , blue lines to the bifurcation, 
black and grey lines to coexistence. Parameter values: , and 2.  
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2.3. Implications for the physical system. 
 
Next, we examine the implications of our analysis in terms of the original functions  
and . The stability condition  for the pure differentiated cancer cell attractor 
then reads, 
 
 
 
with   pd/ps  1. If the system parameters satisfy this condition, the resulting tumor is 
composed of  differentiated cancer cells. The condition that the end system is 
finite demands that  > 0, i.e., that the intraspecific interaction between differentiated 
cancer cells be inhibitory. But, then, Eq. (7) requires that  > 0, i.e. that  cells also 
inhibit  cell growth. As expected,   is a monotonically decreasing function of inhibition 
strength. Note also that for the special case pd = 0 (no divisions generating two 
differentiated cells), Eq. (7) implies  > : Differentiated cells must generate a strong 
inhibition of the cancer stem cell subpopulations. If   0 intraspecific stimulation 
causes the system to grow without limit. If pd/ps = 0,  > : differentiated cells must 
exert a strong inhibition on the cancer stem cells. As pd/ps increases (the relative probability 
of symmetric stem cell division decreases), a smaller value of the inhibition  is possible. 
Finally, if pd/ps >1, a range of negative (stimulatory) values of  is compatible with 
limited growth.   
 
Since ,  becomes a saddle point when 2 > 0. The coexistence fixed point  is 
located at, 
 
( )
 
 
( )
 
 
Here . This solution is stable when , i.e., when 
 
        (9) 
 
If there is no direct influence of one subpopulation on the other, , 
( ) , , the population of differentiated cells is formally the same as 
in P1; symmetric division reduces the population of cancer stem cells. In fact, if pd > ps, no 
stable coexistence would be possible, unless cancer stem cells cooperate (  < 0). On the 
other hand, if the probability of symmetric division is dominant, pd < ps, the interaction 
among stem cells must be inhibitory (   > 0) to avoid unlimited growth.  
 
Another simple case occurs when each subpopulation can only influence the other 
subpopulation,  =  = 0. Under these conditions, S* = 1/ , . 
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Stem cells must inhibit differentiated cell growth (  > 0), while differentiated cells must 
inhibit stem cell growth (we consider pd < ps).   
 
3. Fitting the model 
 
A detailed experimental study of tumorsphere growth dynamics was carried out by Chen 
and coworkers [Chen16], who used three cell lines: SUM159, MCF-7, and T47D. Cultures 
were started using single cancer stem cells. Average tumorsphere sizes were measured 
every two days in a 10-day experiment. Steady state populations for these monoclonal 
tumorspheres contain about 200 cells. 
 
We fitted the results of the experiments described in [Chen16] with our model, using 
 and  as initial conditions. The results are shown in Fig. 3 and the 
fitting parameters are presented in Table 1. Note that, despite the large error bars, the model 
fits very well the data points for the three cell lines (to make a meaningful comparison, we 
converted spheroid sizes to cell numbers). The first substantial conclusion is that the 
parameters related to interspecific interactions are always negative, while those related to 
intraspecific interactions are positive. This implies that cells belonging to different 
subpopulations cooperate, but cells of the same subpopulations compete. According to Eqs. 
(7) and (9), under these conditions it is always the coexistence fixed point that is stable. 
Therefore, the resulting spheroid is expected to be composed of a mixture of stem and 
differentiated cancer cells.   
 
 
     rS 
T47D 0.0870 -0.0550     -0.0150      0.0179     1.1557 
MCF7 0.0439 -0.0287     -0.0050      0.0104     1.4478 
SUM159   0.0463    -0.0089     -0.0179      0.0054     2.5332 
 
Table 1: Parameter values obtained by fitting model (1) to the data in [Chen16]. The signs 
of the interaction coefficients indicate that there is interspecific cooperation and 
intraspecific competition. 
 
The sign of the intraspecific competition is not surprising. On one hand, cells belonging to 
the same subpopulation compete for the available resources (nutrients, oxygen and space); 
on the other, CSCs are expected to try to limit, via quorum sensing, their own numbers, as 
they do in noncancerous tissues. This is likely to be the reason why  is in all cases 
several times larger than  and, as a result, the tumorsphere has a larger proportion of 
differentiated cancer cells. The observed positive influence of the DCCs on the generation 
of CSCs may be interpreted as evidence of phenotypic plasticity: some DCCs 
dedifferentiate in regions where CSCs are scarce, contributing to CSC population growth. 
This would explain the negative sign of . CSCs are expected to strengthen their niches. 
They thus favor the creation of additional differentiated cells, which explains why  < 0.  
On the other hand, since the number of stem cells is limited by niche size, stem cell 
daughters must compete to occupy the niche [Batll17, Morri14]; therefore, we have to 
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include the possibility that some CSCs differentiate into DCCs, a phenomenon that would 
also contribute to generate negative values of .  
 
When there are few experimental points, different parameter combinations may give 
satisfactory fits [Rodri11]. In our analysis of Chen’s data we observed that small variations 
of the interaction parameters lead to apparently adequate fits to the total population data but 
to mediocre results for the CSC subpopulation fraction. For this reason, and to confirm the 
ability of our model to generate reliable predictions, we used an additional result provided 
by [Chen16]. These authors use a different experiment with the T47D cell line to estimate 
that the percentage of CSCs at day 14 is 16%, confirming that CSCs and DCCs coexist in 
the steady state. We include this point as an additional experimental point and represent the 
results in Fig. 4 (continuous lines). The curves obtained using the parameters in Table I, 
extrapolated to day 14 (dashed lines), predict a slightly bigger spheroid. The predictions for 
the DCC and CSC populations are also included. Note that the model overestimates the 
fraction of CSCs, an error that can be ascribed to the lack of long-time information in the 
original dataset. 
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Fig. 3.  Tumorsphere growth for the indicated cancer cell lines. Datapoints were taken from 
[Chen16]. Continuous lines are model fits. 
 
      
Predicted 0.0870 -0.0550     -0.0150      0.0179     1.1557 
Obtained 0.2575       -0.0897      -0.0523       0.0238      1.3256 
Relative error 0.6621 0.3868 0.7130 0.2479 0.1282 
 
Table 2: Comparison between the parameter values obtained by fitting our prediction with 
10-day data points (“predicted”) and those obtained by including the 14-th day datum 
(“obtained”). Note the large error bars in Fig. 3. The sizable relative error suggests a large 
sensitivity to experimental conditions.  
 
 
Fig. 4. Fits to Chen’s results for the T47D line. Continuous lines result from the inclusion 
of the 14-day point; dashed lines extrapolate the results presented in Fig. 3 and do not 
include this point. Blue lines correspond to the total spheroid population, green and red 
lines correspond to the DCC and CSC populations, respectively. There is a single 
experimental point for the partial populations, which corresponds to the measurements at 
day 14. Inset, solid line: Trajectory, in phase space, of Chen’s experiment [Chen16]; dashed 
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line: Critical point locus. Parameter values obtained by fitting , 
and . 
 
 
4. Discussion 
 
The deregulation of normal cellular processes that occurs in cancer has a powerful 
influence on the evolution of the cell populations. In healthy tissues, differentiated cells 
secrete factors that inhibit the division and self-renewal of stem cells [Land09, Rodri11]. 
This inhibition is likely to be perturbed in cancer, where cancer stem cells escape the 
controls that ensure homeostasis in healthy tissues [Agur10].  In order to gain insights 
about the reasons for the breakdown of homeostasis that emerges from cancer stem cell 
activity, we have developed a simple two-population model that describes interspecific and 
intraspecific interactions between cancer stem cells and differentiated cancer cells. We have 
shown that this model is suitable to analyze the growth of tumorspheres and may help us to 
understand the interplay between the cell populations that drive it. 
 
Our analysis of the model indicates that there is a tipping point [Hast18], characterized by a 
transcritical bifurcation, such that the spheroid resulting from seeding one (or a few) cancer 
stem cells stops being a homogeneous differentiated cancer cell mass and becomes a two-
population mixture. This tipping point occurs when ⁄ ⁄ . The right-
hand side in this equation contains quantities related to specific cell lines, while the left-
hand side is related to cell-cell interactions, which are determined by microenvironmental 
conditions. Spheroids without stem cells are predicted to be generally smaller than 
spheroids containing mixed subpopulations. If ⁄ ⁄  and  is large 
enough, the resulting system may be composed of a few  cells or even a single  cell. In 
this case, an experimenter would conclude that no spheroid has formed. On the other hand, 
uncontrolled tumorsphere growth has never been observed: growth always stops at a finite 
size, which also implies that differentiated cancer cells inhibit other differentiated cancer 
cells (they compete for space, oxygen and nutrients). 
 
It may be argued that similar models may yield equivalent results. To test the model 
robustness, we have developed a variant such that the stem cell reproduction rate is 
controlled by all the other cells in the system (see the Appendix). We have not been able to 
reproduce Chen’s results [Chen16] using this modified model, which supports our reliance 
on the correct design of the model presented here.  
 
From the application of our model to the experiments reported in [Chen16], we conclude 
that growth is favored by the interspecific interactions: Stem cells promote the increase of 
differentiated cells that can strengthen their niche, while some differentiated cells may 
dedifferentiate into stem cells because either they receive perturbed signals from their 
neighbors or they misinterpret the signals of the microenvironment and phenotypic 
plasticity runs amok. The possibility of such an altruistic behavior on the part of 
differentiated cancer cells was noted before [Axel06, Zhou14]. Peer competition explains 
the inhibitory character of intraspecific interactions.  
 
14 
 
There is an extensive parameter range for which the number of cancer stem cells 
temporarily overshoots the equilibrium value, which may or may not contain cancer stem 
cells. This transient overshooting, which was also observed by Liu and coworkers [Liu13], 
indicates that cell plasticity plays its most important role in the transient growth dynamics, 
a finding that agrees with those of [Zhou14]. These authors also remark that reversible 
phenotype switching between cells increases the collective fitness of the tumor, providing a 
useful strategy for cancer cell populations defying anticancer mechanisms [Axel06, 
Zhou14]. 
 
Of course, signals in a real tumor are far more complex than those pertaining to in vitro 
systems. But, as remarked by Morrissey and Vermeulen [Morri14, Klein11], “the 
fundamental dynamics (of stem cell systems) are universal, although the spatial features of 
the various tissues may be different”. We expect that this universality is at least partially 
conserved in cancer stem cells, which would mean that the basic information obtained from 
a simple two-population model may help us to interpret the more complex in vivo systems. 
This model could thus be the basis to elaborate an extended version that should include a 
more complex set of interactions and would let us make more precise predictions about the 
growth of real cancers and the effect of anti cancer stem cell therapies.   
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Appendix 
Here we develop a variant of the model of Eq. (1), where we consider that the effective 
number of stem cell divisions is controlled not only by the intrinsic cell dynamics but also 
by the influence of the tumor tissue as a whole.   
 
( ), ( )-  
 
 
* , ( )-+, ( )-  
 
 
Non-dimensionalization: The definitions of X, Y, , and P are  the same as in Eq. (2) in the 
main text. Now we redefine the parameters A, B, and C,  
 
 
 
                       (A2) 
 
 
 
These transformations lead again to Eqs. (3); consequently, we get the same set of fixed 
points.  
 
 The trivial point P0 = (0, 0) is unstable when P  
 The DCC fixed point at P1 = (0, 1), which is stable as long as P < B, which is 
equivalent to  
 The coexistence fixed point, at the location defined by Eq. (4)  
 
Even if the location of the fixed points coincides with those of the model described in the 
paper, the biological implications are different. Here the bifurcation occurs when 
 It does not depend on pd or ps. All our attempts to fit Chen’s data [Chen16] using this 
model failed. 
 
  
